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Problematic aspect of extra dimensions
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We show that in multidimensional Kaluza-Klein models the formula of the perihelion shift is
Dpim′2c2r2g/[2(D− 2)M
2] where D is a total number of spatial dimensions. This expression demon-
strates good agreement with experimental data only in the case of ordinary three-dimensional
(D = 3) space. This result does not depend on the size of the extra dimensions. Therefore,
considered multidimensional Kaluza-Klein models face a severe problem.
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Introduction.— The idea of the multidimensionality of
our Universe demanded by the theories of unification of
the fundamental interactions is one of the most breath-
taking ideas of theoretical physics. It takes its origin from
the pioneering papers by Th. Kaluza and O. Klein [1] and
now the most self-consistent modern theories of unifica-
tion such as superstrings, supergravity and M-theory are
constructed in spacetime with extra dimensions (see e.g.
[2]). Different aspects of the idea of the multidimension-
ality are intensively used in numerous modern articles.
Therefore, it is very important to suggest experiments
which can reveal the extra dimensions. For example, one
of the aims of Large Hadronic Collider consists in detect-
ing of Kaluza-Klein particles which correspond to exci-
tations of the internal spaces (see e.g. [3]). On the other
hand, if we can show that the existence of the extra di-
mensions is contrary to observations, then these theories
are prohibited.
It is well known that the perihelion shift of planets is
one of important tests of any gravitational theory. There
is the significant discrepancy for Mercury between the
measurement value of the perihelion shift and its calcu-
lated value using Newton’s formalism [4]. General rela-
tivity is in good agreement with these observations. Ob-
viously, multidimensional gravitational theories should
also be in concordance with these experimental data. To
check it, the corresponding estimates were carried out in
a number of papers. For example, in [5], it was investi-
gated the well known multidimensional solution [6] and
the authors obtained a negative result. However, this
result was clear from the very beginning because the so-
lution [6] does not have nonrelativistic Newtonian limit
in the case of extra dimensions. Definitely, in solar sys-
tem such solutions lead to results which are far from the
experimental data. The 5-D soliton metric [7] was in-
vestigated in [8] (see also [9]). It was found a range of
parameters for which the perihelion shift of Mercury in
this model satisfies the observational values. However,
our calculations (we will demonstrate it in the extended
version of our paper) clearly show that this range of pa-
rameters is quite far from the values which possess the
correct nonrelativistic Newtonian limit for a point mass
gravitating source. In 5-D nonfactorizable brane world
model, this problem was investigated in [10]. Here, the
model contains one free parameter associated with the
bulk Weyl tensor. For appropriate values of this parame-
ter, the perihelion shift in this model does not contradict
to observations. Certainly, this result is of interest and
it is necessary to examine carefully this model to verify
the naturalness of the conditions imposed.
In our letter we investigate the perihelion shift of plan-
ets in models with an arbitrary number of spatial dimen-
sions D ≥ 3. We suppose that in the absence of gravitat-
ing masses the metric is a flat one. Gravitating masses
(moving or at the rest) perturb this metric and we con-
sider these perturbations in a weak field approximation.
Then we admit that, first, the extra dimensions are com-
pact and have the topology of tori and, second, gravita-
tional potential far away from gravitating masses tends
to nonrelativistic Newtonian limit. All our assumptions
are very general and natural. In the case of one gravitat-
ing mass at the rest, the obtained metric coefficients are
used to calculate the perihelion shift of a test mass. We
demonstrate that this formula depends on a total num-
ber of spatial dimensions and its application to Mercury
are in good agreement with observations only in ordinary
three-dimensional space. It is important to note that this
result does not depend explicitly on the size of the extra
dimensions. So, we cannot avoid the problem with peri-
helion shift in a limit of arbitrary small size of the extra
dimensions. Thus we claim that considered multidimen-
sional Kaluza-Klein models face a severe problem.
Nonrelativistic limit of General Relativity in multidi-
mensional spacetime .— To start with, we consider the
general form of the multidimensional metric:
ds2 = gikdx
idxk = g00
(
dx0
)2
+2g0αdx
0dxα+gαβdx
αdxβ ,
(1)
where the Latin indices i, k = 0, 1, . . . , D and the Greek
indices α, β = 1, . . . , D. D is the total number of spatial
dimensions. We make the natural assumption that in
the case of the absence of matter sources the spacetime
is Minkowski spacetime: g00 = η00 = 1, g0α = η0α =
0, gαβ = ηαβ = −δαβ. At the same time, the extra
dimensions may have the topology of tori. In the presence
2of matter, the metric is not Minkowskian one and we will
investigate it in the weak field limit. It means that the
gravitational field is weak and velocities of test bodies are
small compared with the speed of light c. In this case the
metric is only slightly perturbed from its flat spacetime
value:
gik ≈ ηik + hik , (2)
where hik are the corrections of the order 1/c
2. In par-
ticular, h00 ≡ 2ϕ/c
2. Later we will demonstrate that ϕ
is nonrelativistic gravitational potential. It can be shown
e.g. by comparing nonrelativistic and relativistic actions
for the point mass particle [11]. To get other correction
terms up to the same order 1/c2, we should consider mul-
tidimensional Einstein equation
Rik =
2SDG˜D
c4
(
Tik −
1
D − 1
gikT
)
, (3)
where SD = 2pi
D/2/Γ(D/2) is the total solid angle (sur-
face area of the (D − 1)-dimensional sphere of unit ra-
dius), G˜D is the gravitational constant in the (D =
D+1)-dimensional spacetime and the energy-momentum
tensor of N point mass particles is
T ik =
N∑
p=1
mp
[
(−1)Dg
]−1/2 dxi
dt
dxk
dt
cdt
ds
δ(r− rp) , (4)
where mp is a rest mass and rp is a radius vector of the
p-th particle respectively. The rest mass density is
ρ =
N∑
p=1
mpδ(r − rp) . (5)
Holding in the left hand and right hand sides of Eq. (3)
terms of the order 1/c2 we obtain the following equations:
△h00 =
2SDGD
c2
ρ , △h0α = 0 ,
△hαβ =
1
D − 2
·
2SDGD
c2
ρδαβ , (6)
where △ = δαβ∂2/∂xα∂xβ is D-dimensional Laplace op-
erator and GD = [2(D − 2)/(D − 1)] G˜D. Substitution
of h00 = 2ϕ/c
2 into above equation for h00 demonstrates
that ϕ satisfies D-dimensional Poisson equation:
△ϕ = SDGDρ . (7)
Therefore, ϕ is nonrelativistic gravitational potential.
From Eqs. (6) we obtain
h0α = 0 , hαβ =
1
D − 2
·h00δαβ =
1
D − 2
·
2ϕ
c2
δαβ . (8)
It is worth of noting that the relation hαβ/h00 = [1/(D−
2)]δαβ can be also obtained from the corresponding equa-
tions in [6, 12].
Now, we want to keep in metric (1) the terms up to
the order 1/c2. Because the coordinate x0 = ct contains
c, it means that in g00 and g0α we should keep correction
terms up to the order 1/c4 and 1/c3 respectively and to
leave gαβ without changes in the form gαβ ≈ ηαβ + hαβ
with hαβ from Eq. (8). Holding in the left hand and right
hand sides of 00 and 0α components of Einstein equation
(3) terms up to the order 1/c4 and 1/c3 respectively, we
obtain after a long but obvious calculations the required
correction terms:
g00 ≈ 1 +
2
c2
ϕ(r) +
2
c4
ϕ2(r) +
2
c4
N∑
p=1
ϕ′pϕ
′(r− rp)
+
D
D − 2
·
1
c4
N∑
p=1
v2pϕ
′(r− rp) , (9)
g0α ≈ −
2(D − 1)
D − 2
·
1
c3
N∑
p=1
vpαϕ
′(r−rp)−
1
c3
∂2f
∂t∂xα
. (10)
Here, vαp = dx
α
p /dt is α-component of the velocity of
the p-th particle, ϕ′p is potential of the gravitational
field in a point with radius vector rp produced by all
particles, except for p-th, ϕ′(r − rp) is potential of the
gravitational field of p-th particle satisfying the Poisson
equation △ϕ′ = SDGDmpδ(r − rp) (therefore, ϕ(r) =∑N
p=1 ϕ
′(r − rp)) and function f(r) satisfies equation
△f = ϕ(r). It is worth of noting that the radius vec-
tor rp of the p-th particle may depend on time t. Eqs.
(9) and (10) generalize the known formulas (see § 106 in
[11]) to an arbitrary number of dimensions D ≥ 3. In the
case of one gravitating particle at the rest at the origin
of coordinates, the metric coefficients have the form
g00 ≈ 1 +
2
c2
ϕ(r) +
2
c4
ϕ2(r), g0α ≈ 0,
gαβ ≈ −
(
1−
1
D − 2
·
2
c2
ϕ(r)
)
δαβ . (11)
As we have noted above, we assume that the internal
space is compact and has the topology of tori. For this
topology, and with the boundary condition that at in-
finitely large distances from the gravitating body poten-
tial must go to the Newtonian expression, we can find the
exact solution of the Poisson equation (7) [13, 14]. The
boundary condition requires that the multidimensional
and Newtonian gravitational constants are connected by
the following condition: SDGD/V = 4piGN where V is
the volume of the internal space. Assuming that we con-
sider gravitational field of the gravitating mass m at dis-
tances much greater than periods of tori, we can restrict
ourselves by the zero Kaluza-Klein mode. For example,
this approximation is very well satisfied for the planets
of the solar system because the inverse-square law exper-
iments show that the extra dimensions in Kaluza-Klein
3models should not exceed submillimeter scales [15] (see
however [13, 14] for models with smeared extra dimen-
sions where Newton’s law preserves its shape for arbitrary
distances). Then, the gravitational potential reads
ϕ(r) ≈ −
GNm
r3
= −
rgc
2
2r3
, (12)
where r3 is the length of a radius vector in three-
dimensional space and we introduced three-dimensional
Schwarzschild radius rg = 2GNm/c
2.
Perihelion shift.— In the approximation (12), the co-
variant components of the metric (11) take the form
g00 ≈ 1−
rg
r3
+
r2g
2r23
, g0α ≈ 0,
gαβ ≈ −
(
1 +
1
D − 2
·
rg
r3
)
δαβ . (13)
Let us consider now the motion of a test body of mass
m′ in a gravitational field described by Eqs. (13). The
Hamilton-Jacobi equation
gik
∂S
∂xi
∂S
∂xk
−m′2c2 = 0 (14)
reads
1
c2
(
1 +
rg
r3
+
r2g
2r23
)(
∂S
∂t
)2
−
(
1−
1
D − 2
·
rg
r3
)(
∂S
∂r3
)2
−
1
r23
(
1−
1
D − 2
·
rg
r3
)(
∂S
∂ψ
)2
−
(
1−
1
D − 2
·
rg
r3
)[(
∂S
∂x4
)2
+ ...+
(
∂S
∂xD
)2]
− m′2c2 ≈ 0 , (15)
where we use spherical coordinates (r3, θ, ψ) in three-
dimensional space and consider the motion of a test body
in the orbital plane θ = pi/2. We investigate this equation
by separation of variables, considering the action in the
form S = −E′t+Mψ+Sr3(r3)+S4
(
x4
)
+ ...+SD
(
xD
)
.
Here, E′ ≈ m′c2+E is the energy of the test body, which
includes the rest energy m′c2 and nonrelativistic energy
E. Substituting this expression for the action S in the
formula (15), we obtain an expression for (dSr3/dr3)
2
holding there the members up to the order 1/c2. Inte-
grating the square root of this expression with respect to
r3, we finally get Sr3 in the following form:
Sr3 ≈
∫ [(
2m′E −
(
p24 + ...+ p
2
D
)
+
E2
c2
)
+
1
r3
(
m′2c2rg +
2(D − 1)
D − 2
m′Erg
)
−
1
r23
(
M2 −
Dm′2c2r2g
2(D − 2)
)]1/2
dr3 , (16)
where pα = ∂S/∂x
α = dSα/dx
α (α = 4, . . . , D) are the
components of momentum of the test body in the extra
dimensions. If the gravitating and test masses are local-
ized on the same brane then these components are equal
to zero.
The trajectory of the test body is defined by the equa-
tion ∂S/∂M = ψ + ∂Sr3/∂M = const. Let now the Sun
be the gravitating mass, and the planets of the solar sys-
tem be the test bodies. Then, the change of the angle
during one revolution of a planet on an orbit is
∆ψ = −
∂
∂M
∆Sr3 , (17)
where ∆Sr3 is the corresponding change of Sr3 . It is well
known that small relativistic correction δ ≡
Dm′2c2r2
g
2(D−2) to
M2 in Eq. (16) results in the perihelion shift. Expanding
Sr3 in powers of this correction, we obtain
Sr3 ≈ S
(0)
r3 −
Dm′2c2r2g
4(D − 2)M
∂S
(0)
r3
∂M
, (18)
where S
(0)
r3 = Sr3(δ = 0). From this equation we obtain
∆ψ ≈ 2pi +
Dpim′2c2r2g
2(D − 2)M2
, (19)
where we took into account −∂∆S
(0)
r3 /∂M = ∆ψ
(0) =
2pi. Therefore, the second term in (19) gives the required
formula for the perihelion shift in our multidimensional
case.
It make sense to apply this formula to Mercury because
in the solar system it has the most significant discrep-
ancy between the measurement value of the perihelion
shift and its calculated value using Newton’s formalism.
The observed discrepancy is 43.11± 0.21 arcsec per cen-
tury [4]. This missing value is usually explained by the
relativistic effects of the form of (19). However, only in
three-dimensional case D = 3 Eq. (19) gives the satis-
factory result 42.94′′ which is within the measurement
accuracy. For D = 4 and D = 9 models we obtain 28.63′′
and 18.40′′, respectively, which is very far from the ob-
servable value. It is worth of noting that this result does
not depend on the size of the extra dimensions (up to
the applicability of the approximation (12)). It is not
difficult to generalize our consideration to the case of the
gravitating mass moving in the extra dimensions (but
at the rest with respect to our three dimensions). This
generalization does not change Eq. (19).
Summary.— We have investigated the perihelion shift
of planets for multidimensional models with compact in-
ternal spaces in the form of tori. We have found that
the obtained formula for the perihelion shift depends on
the total number of spatial dimensions. Our estimates
show that only three-dimensional case D = 3 is in good
agreement with the experimental data and all multidi-
mensional cases D > 3 contradict observations. This
4result does not depend on the size of the extra dimen-
sions. Therefore, considered multidimensional Kaluza-
Klein models face a severe problem.
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